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1  
A B S T R A C T .  W e  u~-: c o i n c i d e n c e  d e g r e e  ar~n~entC t o  p r o v e  t . 1 e  
cxis~-:!nce a n d  uni~:uencss o f  p e r i o d i c  s o l u t i o n s  · : f  t h e  e q u a t : u n  
x i " ( t )  :  a x  ( t )  +  b X ( t )  +  g ( t , : i ; ( t - r ) )  +  ( i x  =  p ( t )  
, . ' · > c o ) =  . _ : ; : ( 2 1 1 ' ) ,  i  =  oI 1 K~K:IlK 
K e y w o r d s  a n d  phr~t;es : F o u r t h  o r d e r  J i f f e r e n t i a l  e C " u a . t i o n ,  P e -
r i o d i c  b o u n d : : . . r y  v r . l u e  p r o b l e m ,  P e r i v d i c  s o l a t i o n ,  r ; . :  · : a t h e o d o r y  
f u n c t i o n ,  c o i n c i t : ! e n c e  d e g r e e .  
2 0 1 0  M a t h e m u . t i c . < >  S u b j e c t  C l a s s i f i c a t i o n :  3 4 D 4 0 ;  3 4 D 2 0 ,  3 4 C 2 5 .  
l .  I N T R O D U C T I O N  
-~~· 
I n  a  r e c e n t  p a p e r  [ 5 ]  ¥KD~ p r o v e d  t h e  e x i s t e n c e  o f  p e r i o d i c  s o l u t i o n  o f  
t h e  f o u r t h  o r d e r  d e l a y  e q u a t i o n  o f  t h e - f o r m  
x i v ( t )  ~ - a i  ( t )  +  b x ( t )  +  c ± ( t )  +  y ( t ,  x ( t - r )  =  P U )  
x ( i )  ( 0 )  =  x ( i )  ( 2 1 1 ' )  i  =  0  1  2  3  
'  '  '  '  .  
w h e r e  a ,  b ,  r ;  a r e  c o n s t : : :  ~1tsI 9  i s  a  C a r a t h e o d o r y  ' c ;  f u n c t i c . u  r . .  (  t )  E  £~Tr 
a n d  T  E  [ ! ) ,  2 1 1 ' )  i s  : : :  f i x e d  t i m e  d e l a y .  
I n  t h i s  p a p e r  ·~K-e s h a l l  ::~ vestigat·~ t h e  e x i s t e n c e  a n d  u n i c  t .  z n e s s  o f  
2 1 1 ' - p e r i o d i c  ~:olutio: ~ i o r  t h e  f o u r t h  o · · d e r  p e r i o d i c  b o 1 1 n d a r y  v a l u e  
p r o b l e m  w i t h  d e h y  o f  t h e  f o r m .  
x i v ( t )  + a  i  ( t )  +  b x ( t )  +  9 ( t ,  x ( t - r ) )  +  d x  =  p ( · '  
( 1 . 1 )  
x < i l ( O )  =  x ( i l ( 2 1 1 ' ) ,  i  =  0 ,  1 ,  2 ,  3 .  
w h e r e  a ,  b a n d  K~are c o n s t a n t s  9  i s  a  C a r a t h e 0 d o r y ' s  furK~;;ion : ; ( : )  E  
i~1r a n d  T  E  [ 0 ,  2 1 1 ' )  i s  e .  f i x e d  t i m e  d e l a y .  T h e  u n k n o w n  f u n c t i o n  x  .  
R e c e i v e < :  b y  t h e  e d i t o r s  F e b r u a r y  2 8 ,  2 0 1 1 ;  R e v i s e d :  J u n e  1 6 ,  2 0 1 1 ;  A c c e p t e d :  
J u n e  4 ,  2 0 1 2  
1
C o r r e s p o n d i n g  ~·uthor 
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[ 0 ,  2 1 r ]  - +  R  i s  d e f i n e d  f o r  0  ~ t  ~ r  b y  x ( t - r )  =  x ( 2 1 r - ( t - r ) ) .  I t  i s  
p e : · t i n e n t  t o  n q } e  t h a t  s o m e  p r o b l e m s  i n  b i o l o g i c a l  o r  p h y s i o l o g i c a l  
s y s t e m s  c a n  b e  m o d e l e d  ' Q y  ( o u r t h  o r d e r  d i f f e r e n t i a l  e q u a t i o n s  w i t h  
t i m e  d e l a y .  F o r  i n s t a n c e ,  t h e  o s c i l l a t o r y  m o v e m e n t t j  o f  m u s c l e s  t h a t  
o c c u r  f r o m  th~ i n t e r a c t i o n  o f  a  m u s c l e  w i t h  !. t s  l o a d  [ 7 ] .  O t h e r  
a p p l i c a t i o n s  c a n  b e  f o u n d  i n  [ 3 ]  a n d  r e f e r e n t : : ' * >  t h e r e i n .  
l n  s e c t i o n  2  o f  t h i s  p a p e r  w e  s h a l l  coKr~sider t h e  p r o b l e m  o f  n o n -
e x i s t -; : : : t c e  o f  n o n - t r i v i a l  2 1 r  p e r i o d i c  s o l u t ; o n s  o f  s o m e  l i n e a r  a n a -
l o g p . ; , : : : ;  o f  ( l . . . i }  I n  s e c t i o n  3  w e  s h a l l  p r o v e  t h a t  u n d e r  s u i t a b l e  
c o n d i t i o n s  o n  t h ; ; ;  c o n s t a n t s  a ,  b ,  d  a . u d  o n  t h e  a s y m p t o t i c  b e h a v i o u r  
u f  t h e  r a t i o  g ( t ,  Y )  t . h e  e q u a t i o n  ( 1 . 1 )  p o s s e s s e s  a t  l e a s t  o n e  2 1 r -
a y  
p m i o d i c  s o l . t t i o n  f o r  e a c h  p ( t )  E  i~IKK K T h e  t e c h n i q u e s  o f  p r o o f  u s e s  
c o i n c i d e n c e  d e g r e e  t h e o r y  [ 6 ]  a n d  t h e  a p r i o r i  e s t i m a t e s  a r e  o b t a i n e d  
b y  a d a p t i n g  t h e  m e t h o d s  e s t a b l i s h e d  i n  [ 4 ] .  
I n  s e c t i o n  4  w e  s h a l l  o b t a i n  u n i q u e n e s s  r e s u l t s .  I n  w h a t  f o l l o w s  
w e  s h a l l  u s e  t h e  f o l l o w i n g  n o t a t i o n s  a n d  d e f i n i t i o n s .  L e t  R  d e n o t e  
_t , h e  r e a l  t i m e  a n d  I  t h e  i n t e r v a l  [ 0 ,  2 1 r ] ,  T h e  f o l l o w i n g  s p a c e s  w i l l  
b . : :  u s e d .  i~IKK =  L k ( I ,  R )  a r e  t h e  u s u a l  L e b e s q u e  s p a c e s ,  1  <  k  <  o o  
D ~KiKth x  E  i~
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K I 2 1 r - p e r i o d i c  -
•  1 . , .  · •  
• •  j . .  r  I  R  .  k -
1  
b  1  t  1  
' ·  ·  x  :  - +  ,  x ,  x ,  . . .  ,  x  a r e  a  s o  u  e  y  
0  
H k  _  H k ( I  R )  l  c o n t i n u o u s  n . n d  x k  E  i~Tr 
; )  2 , . - - ,  
i n  x ( i l ( o )  =  x ( i ) ( 2 1 r )  i  =  0 ,  1 ,  2 , 3 ,  . . .  ,  k - 1  
w i '  ' : n o r m  
'  l  
. :  t l  
2  /  1  1 2 , . .  )  2  1  k  1 2 , . .  
ll x llu~IK =  yF-~r 
0  
x ( t ) d t  +  
2
7 r  ~ 
0  
l x ( i ) ( t W  
1  a n d  
w ; , ;
1  
=  { X :  I - +  R ,  x ,  x ,  . . .  ' x k -
1  
a r e  a b s o l u t e l y  c o n t i n u o u s ,  
x k  E  £ 2  
2  . . . .  
~Knd x C i l ( O )  =  x ( i ) ( ' 2 1 r ) ,  i  =  0 ,  1 ,  2 ,  3 ,  . . .  ,  k - 1 }  
w i t h  n o r m  
1  k  [ 2 1 r  
ll xll~;;• =  
2
7 r  f ;  . 1 0  l x ( i ) ( t ) i d t .  
A  f u n c t i o n  ; . t ·  E  t1~
1 
i s  a  s o l u t i o n  o f  ( 1 . 1 )  i f  i l  s a t i s f i e s  ( 1 . 1 )  a l m o s t  
bD:v~rywhere o n  R .  
F o r  s u c h  a  s o l u t i o n  w e  s e t  
.  '  
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O N  T H E  N O N - R E S O N A N T  O S C I L I A T ! O N  . . .  
2 1 9  
x  =  x  +  x  w h e r e  
1 1  
i ( t )  =  a
0  
+  2 : ) a k  c o s  k t  +  b~< s i n  k t )  ( 1 . 2 )  
k = l  
lj~-
0 0  
x ( t )  =  2 : :  ( a k  c o s  k t  +  b k  s i n  k t )  ( 1 . 3 )  
k = n + l  
2 .  T h e  L i n e a r  C a s e  
W e  c o n s i d e r  i n  t h i s  s e c t i o n  t h e  p r o b l e m  o f  non-existenc~:;Cof n o n -
t r i v i a l  p e r i o d i c  s o l u t i o n  f o r  s o m e  l i n e a r  a n a l o g u e  o f  ( 1 . 1 ) .  W e  s h a l l  
c o n s i d e r  t h e  l i n e a r  e q u a t i o n .  
x i v  + a x  ( t )  +  b x ( t )  +  c ( t ) x ( t - : · )  +  d x  =  0  
x ( i ) ( O )  =  x ( i l ( 2 7 r ) ,  i  =  0 ,  1 ,  2 ,  3  
w h e r e  a ,  b ,  d a r e  con~~ants a n d  c ( t )  E  L 1 - . r ·  
W e  h a v e  t h e  f o l J o . ; . · i n g  res1~l tsK 
T h e o r e m  2 . 1  
( 2 . 1 )  
L e t  n  ~ 1  b e  a u  i n t e g e r  a n d  l e t  t h e  f o l l o w i n g  c o n d i t i o l W ,  b e  s a t i s -
f i e d .  
1  
( i )  a  = I =  0  
( i i )  b  >  n
2  
( i i i )  0  <  d  <  n  
' , ·  
( i v )  n
2  
: : : ;  a -
1
c ( t )  : : : ;  ( n  +  1 ) 2  h o l d s  u n i f o r m l y  a . e .  i n  t  E  [ 0 ,  2 1 r ]  
w i t h  s t r i c t  i n e q u a l i t i e s  n
2  
<  a -
1
c ( t ) ,  a -
1
c ( t )  <  ( n +  1  )
2  
h o l d -
i n g  o r ;  s u b s e t s  o f  [ 0 ,  2 1 r ]  o f  p o s i t i v e  m e a s u r e .  
S u p p o s e  t h a t  t h e r e  e x i s t s  ~K:onstant o  >  0  w i t h  t 5  >  l a l -
1  
t~1en t h e  
b o u n d a r y  v a l u e  probler:~ ( 2 . 1 )  h a s  n o  n o n - t r i v i a l  p e r i o d i c  s o l u t i o n  
.  w 4 , l  
I n  2 7 f  .  
P r o o f .  
W e  s e t  f ( t )  =  a -
1
c ( t )  a n d  r e w r i t e  ( 2 . ] )  i n  t h e  f o r m  
a -
1  
[ x i v ( ! )  +  b x ( t )  +  d x ( t ) ] +  x  + f ( t ) x ( i : - r )  =  C :  ·  E~KOF 
~· 
L e t  x  =  x  +  x  E  Hi 1 f  b e  a n ) '  s o l u t i o n  o f  ( 2 . 2 ) ,  T h e n  o n  r n l j l t i p l y i n g  
( 2 . 2 )  b y  x ( t - r )  - - i : ( t )  a n d  i n t e g r a t i : : 1 g  o v e r  I ,  w e  o b t a i n  1 , + 1
2  
=  0 ,  
2 2 0  
S .  A .  l Y A S E  
w h e r e  
1  1 2 1 1 "  .  .  .  
0  =  -
2  
~ ( x ( t - T ) - x.· ( t ) ) a - t [ x w  +  b x  +  d x ] d x  = I t .  
7 r  0  . . . - '  
+-
O
~ r , .  ( x ( t  ~F ~ i ( t ) ) { x  + f ( t ) x ( t - T )  } d t  : =  I 2  
r .  Jo  
= I t +  I 2  
T o  e 3 t i m a t e  I
1  
w e  o b s e r v e  f r o m  d e f i n i t i o n  ( 1 . 2 )  a n d  ( 1 . 3 )  t h a t  
1  1 2 , .  . I  .  n  
2  
x ( t - T ) x w ( t ) d t  =  " L  k
R
Ea~ +  b~F s i n  k T  
7 r  0  I  k = t  
I  
1  1 2 ' '  n  
2 r r  xl
1
( t - T ) x ( t ) d t  =  - L  k
P
Ea~ +  b~F s i n  k T  
0  k = t  





, .  x ( t - T )  X  ( t )  =  - t  k
4
Ea~ +  b~F c o s  k T  




{ 2 , . .  n  
2
7 r  J o  x ' ( t  - ·  T ) x d t  = -iEa~ +  b D  s i n  k T  
0  k = l  





=  a -
1  




- dkz[a~ +  b~kz s i n  k T  
k = l  
n  







k = l  
f r o m  c o n d i t i o n s  ( i i )  a n d  ( i i i )  w e  g e t  
r r n : - .  












( t ) d t  
k = t  0  
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, .  ( x ( t - T ) - i ( t ) ) ( x  + f ( t ) x ( t - T ) ) d t  
n  
1  
{ 2 t r  .  
= - L  k
4
Ea~ +  b D  c o s k T  +  
2
r r  J o  f ( t ) x
2
( t - T ) ) d t  
k = l  0  
r  ) t
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1  l 2 7 r  .  .  1  1 2 1 1 "  . .  
+  - r ( t ) x ( t - T ) x ( t - T ) d t  + - x
2
d t  
2 7 1 "  0  2 7 1 "  0  
1  1 2 1 1 "  .  
- - r ( t ) x ( t ' x ( t - T ) d t  
2 7 1 "  0  
' 2  
1  
1
2 1 1 "  1  1 21 1 "  
" 2  ' 2  
>  - - x  d t - - r ( t ) x  ( t - T ) d t  
2 7 1 "  0  2 7 1 "  0  
1  1 2 1 1 "  .  .  1  1 2 1 1 "  . .  
+  -
2  
r ( t ) x ( t - T ) x ( t - T ) d t  + - x
2
( t ) d t  
7 r  0  2 7 1 "  0  
1  1 2 1 1 "  .  .  
-
2
7 1 "  
0  
r ( t ) x ( t ) x ( t - T ) d t  
u s i n g  
- a b = ( a - b ) 2  a 2  b 2  
2  
- 2 - 2  
\  
I  
w e  g e t  
1  [ 2 1 1 " . .  1  1 2 1 1 "  .  
-
2
7 1 "  J. p . , .  x
O




r ( t ) x
2
( t - r ) d t  
+
O
~ f o  r ( t ) x
2
( t - T ) x ( t - T ) d t  
q·~! {  
1  1 2 1 1 "  " 2  1  1 2 1 1 "  r ( t )  .  . .  .  2  
+ - x  ( t ) d t  + - -
2
- [ x ( t - T )  +  x ( t - T )  - x ( t ) ]  d t  
2 7 1 "  0  2 7 1 "  0  
1  1 2 , .  r ( t )  [ _ , _ 2 (  \  . : . 2 (  )  _ , _ (  ) . : . '  )  . : . 2 (  ) ]  
+ - - - X  t - - j - X  t - T  - 2 x  t - T  u~t - T  - X  t  d t  
2 7 1 "  0  2  
1  ; ;
2
, .  1  ; ;
2
"  r ( t )  
=  - - x
2
( t ) d t  + - - - x
2
( t - T ) d t  
2 7 1 "  0  2 7 1 "  0  2  
' 7 r  1 f  ( )  
1  1  . .  2  1  1  r  t  .  2  .  2  
+ - x  ( t ) c l t  + - - - [ - x  ( t - T )  - - x  ( t ) ] d t  
2 7 1 "  0  2 7 1 "  0  2  
1  1 2 1 1 - r ( t )  .  1  1
2
, .  r ( t )  .  .  .  
- - --;:-~x
O
Et - T ) d t  + - - -·  [x ( t - T )  +  x ( t - T ) - x ( t J ]
2
c l t  
2 7 1 "  0  ~ 2 7 1 "  0  2  
1  (  1  1
2
, .  . .  .  )  1  (  1  1~" . .  )  
= - - [ x
2
( t - T )  - f ( t ) x
2
( t - r ) ] d t  +  ~ - x
2
( t - T )  
2  2 7 1 "  0  L .  2 7 1 "  0  
1  (  1  [ 2 " [  (  ) . : . . 2 (  )  ' " 2 (  ) l  )  
+ 2  
2
7 r  l o  f \ t  X  t - T  - X  t - T  d t  
1  1 2 1 1 "  r ( t )  .  .  .  . .  
+ - _ : _ [ x ( t - T )  +  fD ~t - T ) - x ( t W d t  
2 n  
0  
2  _  
_ ,  
~ 
I  (  I  r 2 - r  ' "
2  
)  
- 2  2 1 r  J o  : r  ( t - T ) d t  
2 : . ! 2  
S .  A .  l Y A S E  
S i n c e  f ( t )  ~ n
2  
f o r  a . e . ,  t  E  [ 0 ,  2 1 r ]  t h e  l a s t  t w o  t e r m s  i m p l y  t h a t  
- - -~ x  ( t - r ) d t  
1  (  1  i
2  
. . .  · · 2  )  






. . .  r ( t ) [ : t : ( t - r )  +  ( x ( t - r ) - x W )  d t  
~ - - · - x
2
( t - r ) d t  + - - x
2
( t - r ) d t  
1  (  1 11
2
. , .  )  n
2  
(  1  1
2
. , .  )  
2  2 7 r l  0  2  2 " 1  0  
n 2  (  1  1 2 . . . .  .  )
2  
+ - - - x ( t - r ) x ( t )  d t  
2  2 7 r  0  
n 2 1 2 . , .  .  .  n 2 1 2 1 f  .  .  
+ - ~Et- r ) x ( t - r ) d t - ~- x ( t - r ) x ( t ) d t  ~ 0  
2 7 r  o  I  ~Tr o  
S i n c e  t h e  l a s t  t r v o  t e r m s  a r e  z e r o  b y  o r t h o g o n a l i t y  o f  x  a n d  x  a n d  
· t h e  s u m  o f  t h e  f i r s t  t w o  t e r m s  i s  n o n - n e g a t i v e  b y  P a r s e v a l ' s  e q u a l i t y .  
I t  f o l l o w s  t h a t  
!
2  
~ ~ ~O_ {
2  
. . .  [ P ( t - r ) - r ( t ) x
2
( t - r ) J )  d t  
2  \ 2 7 r  }
0  
1  (  1  ,  r 2 1 f  .  . .  )  
+ 2  _2 7 r 1J o  [ r ( t ) x
2
( t - r ) - x
2
( t - r ) ] d t  ~ ol x l ; l J , . .  
b y  L e m m a  ( 2 . 2 )  a n d  ( 2 . 3 )  o f  [ 4 ] .  T h e r e f o r e ,  
o  =  I 1  +  I 2  ~ o1±1~O -lal-
1
<R1 ±1~~ 
O~ 2 •  




S i n  . .  · ; ; !  o  >  l a l -
1  
w e  c o n c l u d e  t h a t  x  =  0  a n d  h e n c e  x  = c o n s t a n t .  
I t  i s  c l e a r  t h n . t  x  =  c o n s t a n t  c a n n o t  b e  a  s o l u t i o n  o f  ( 2 . 1 )  s i n c e  
d  i =  0 .  
T h e r e f o r e  x  =  0 .  
· 3 .  T h e  N o n - L i n e a r  C a s e  
W e  s h a l l  c o n s i d e r  h e r e  t h e  n o n - l i n e a r  b o u n d a r y  v a l u e  p r o b l e m  o f  
,t h e  f o r m .  
'  
x i v  + a  i  + b x  +  g ( t ,  x ( t - r ) )  +  d x  =  p ( t )  
x ( i }  ( 0 )  =  x ( i )  ( 2 7 r )  i  =  0  1  2  3  
'  '  )  '  .  
( 3 . 1 )  
w h e r e  a ,  b ,  d  a r e  c o n s t a n t s  a n d  p ( t )  E  i~KIKI g  :  I  x  R  - - t  R  i s  s u c h  
t h a t  g ( t  +  2 - ; r ,  x )  =  y ( t ,  x )  a n d  i s  a  C a r a t h e o d o r y  f u n c t i o n  w i t h  
r e s p e c t  t o  i~KIKI t h a t  i s  
. . .  
O N  T H E  N O N - R E S O N A N T  O S C I L l A T I O N  . . .  
( i )  g ( · ,  x )  i s  m e a s u r a b l e  o n  I  f o r  e a c h  x  E  R  
( i i )  g ( t )  i s  c o n t i n u o u s  o r .  R  f o r  a . e .  t  E  I  
( i i i )  f o r  e a c h  r  >  0  t h e r e  e x i s t s  Y r  E  i~IK s u c h  t h a t  
l g ( t ,  x i  ~ Y r ( t )  
( ; .  
\  
; \ I I  f  
,. ,  
~ (  . '  
-~ 
, .  
2 2 3  
' ( 3 . 2 )  
F o r  a l m o s t  e v e r y w h e r e  t  E  I  a n d  a l l  x  G  R  s u c h  t h a t  l x l  ~ r .  
W e  h a v e  t h e  f o l l o w i n g  L e m m a .  
L e m m a  3 . 1  
L e t  a l l  t h e  c o n d i t i o n s  o f  t h e o r e m  2 . 1  b e  s a t i s f i e d .  A s s u m e  t h a t  





a ( t )  ~ a -
1  
f 3 ( t )  ~ ( n  +  1 )
2  




o . ( t ) ,  
o . -
1
f 3 ( t )  <  ( n + 1 )
2  
o n  s u b s e t s  o f  [ 0 ,  2 1 r ]  o f  p o s i t i v e  m e a s u r e .  p>uppo~e 
t h a t  t h e r e  e x i s t s  c o n s t a n t  c  >  0 ,  a n d  5
0  
>  0  w i t h  
a -
1
o . ( t ) - c  ~ a -
1
c ( t )  ~ a -
1
/ 3 ( t )  +  c  
I  E~KPF 
I '  
T h e n  
~ 1  
{ 2 , .  
J o  i x i "  + a  i  + b x  +  c ( t ) x ( t - r )  +  d x i d t  ?  So l xi e~;K! 
I t  
( 3 . 4 )  
. >  
P r o o f .  
; I  
T h e  p r o o f  f o l l o w s  t h e  s a m e  p r o c e d u r e  a s  i n  L e m m a  3 . 1  o f  [ 5 1 .  
W e  s h a l l  n o w  p r o v e  t h e  f o l l o w i n g  e x i s t e n c e  r e s u l t  f o r  e q u a t i o n  ( 3 . 1 ) .  
T h e o r e m  3 . 1  
L e t  a ,  b ,  d  b e  c o n s t a n t s  s u c h  t h a t  
( i )  a  i =  0  
( i i )  b  >  n
2  
( i i i )  0  <  d  <  n  
a n d  l e t  g  b e  a  C a r a t h e o d c r y ' s  f u n c t i o n  s u c h  t h a t  t h e  i n e q u a l i t i e s  
n
2  
~ o . ( t )  ~ l i m  i n f  g ( t ,  y )  ~ l i m  s u p  g ( t ,  y )  ~ f 3 ( t )  ~ ( n  +  1 )
2  
o .  l u i - t o o  a y  l u i - t o o  a y  a  
( 3 . 5 )  
h o l d  u n i f o r m l y  f o r  a . c .  t  E  I ,  w h e r e  n  ?  1  i s  a n  i n t e g e r ,  o . ,  / 3  E  i~IK 
a n d  t h e  s t r i c t  i n e q u a l i t i e s  n
2  
<  a -
1
c ( t ) ,  c . -
1
c ( t )  <  ( n  +  1 )
2  
h o l d  o n  
s u b s e t s  o f  I  o f  p o s i t i v e  m e a s n r e .  S u p p o s e  t h a t  t h e r e  e x i s t s  6  >  0  
s u c h  t h a t  6  >  l a l -
1  
t h e n  t h e  b o u n d a r y  v a l u e  p r o b l e m  ( 3 . 1 )  h a s  a t  
l e a s t  o n e  s o l u t i o n  i n  w i ;
1
.  
2 2 4  
S .  A .  l Y A S E  
P r o o f .  
I  ~t c  >  0  b e  a . S s o c i a t e d  t o  a _ . . / 3  i n  L e m m a  3 . 1  t h e n  b y  ( 3 . 5 )  t h e .  '  
e x i s t s  a  c o n s t a n t  r  =  r f c )  s u c h  t h a t  
a ( t )  _  €  <  g ( t ,  y )  <  { 3 ( t )  +  c  
a  - a y  - a  
1o r  a . e .  t  E  I  a p d  a l l y  E  R  w i t h  I Y I  ~ r .  
D e f i n e  a  f u n e t i f n  
b y  
Y ( t , y )  =  
; .  
r  
H e n c e ,  
t  
I  
Y . R - T R  
I  
I  Y -
1
g ( t ,  y )  
1  
i f  I Y I  ~ r  
I  
I  y r -
1
g ( t ,  r )  +  ( 1 - y r -
1
) { 3 ( t ) ,  0 : : : ;  y  <  r  
I  .  
I  y r -
2
g ( t ,  r )  +  ( 1  +  y r -
1
) { 3 ( t ) ,  - r  <  y : : : ;  0  
a ( t )  _  c  <  Y ( t ,  y )  <  { 3 ( t )  +  c  
a  - a y  - a  
F o r  a . e .  t  E  [ 0 ,  2 1 r }  a n d  a l l y  E  R  w i t h  I Y I  ~ r .  
( 3 . 6 )  
( 3 . 7 )  
( 3 . 8 )  
D e f i n e  g  a n d  < P  b y  g ( t ,  x )  =  Y ( t ,  x ) x ,  < P ( t ,  x )  =  g ( t ,  x ) - g ( t ,  x )  a n d  
o l J s e r v e  t h a t  b o t h  g  a n d  < P  a r e  c a r a t h e o d o r y ' s  f u n c t i o n s .  
H e n c e  t h e r e  ~xists Y r  E  i~11D su~h t h a t  
l < P ( t ,  x ) l  : : : ;  Y , . ( t )  
f o r  a . e .  t  E  I  a n d  a l l  x  E  R  w h e r e  Y r  =  Y r ( a ,  { 3 ) .  
T h u s  e q u a t i o n  ( 3 . 1 )  i s  e q u i v a l e n t  t o  
I  
( 3 . 9 )  
x i v  + a  i  + b x  +  Y ( t ,  x ( t - r ) ) x ( t - r )  +  ¢ ( t ,  x ( t - r ) )  +  d x  =  p ( t )  
x ( i ) ( O )  =  x ( i ) ( 2 1 r ) ,  i  =  0 ,  1 ,  2 ,  3  
' !  ( 3 . 1 0 )  
T t - a p p l y  c o i n c i d e ! ' l c e  d e g r e e  t h e o r y  [ 6 ]  t o  ( 3 . 1 )  w r i t t e n  i n  t h e  f o r m  
( 3 . 1 0 )  w e  s e t  
X
- w 4 , 1  7 - L l  
- 2 1 1 ' '  . . . .  - 2 1 1 ' >  
1  
.  
2 2 6  S .  A .  l Y A S E  
T o  c o m p l e t e  t h e  p r o o f  w e  c h o o s e  p  s u c h  t h a t  p  >  b"
M
1
Efvrii~w +  
I P I £ 1  )  ~ o  
b  ~ 
4 .  U n i q u e n e s s  R e s u l t  
I n  t h i s  s e c t i o n  w e  s h a l l  e s t a b l i s h  a  u n i q u e n e s s  r e s u l t  f o r  e q u a t i o n  
( 3 . 1 ) .  
T h e o r e m  4 . 1  
·L e t  a l l  t h e  c o n d i t i o n s  o f  t h e o r e m  3 . 1  h o l d  w i t h  g  s a t i s f y i n g  
n 2  : : ;  o : ( t )  : : ;  g ( t ,  ± )  . - g~tI y ) )  : : ;  j 3 ( t )  : : ;  ( n  +  1 ) 2  ( 4 . 1 )  
a  a ( x - y )  a  
f o r  a . e .  t  E  [ 0 ,  2 r r ]  a n d  a l l  x  i =  i J  E  R  w i t h  a  a n d  f 3  a s  i n  t h e o r e m  
3 . 1 .  
T h e n  p r o b l e m  ( 3 . 1 )  h a s  a  u n i q u e  : > o l u t i o n  f o r  e a c h  P  E  £~11" 
P r o o f .  
,  S i n c e . c o n d i t i o n  { 4 . 1 )  i m p l i e s  ( 3 . 5 ) ,  t h e o r e m  3 . 1  e n s u r e s  t h e  e x i s -
t~nce o f  a t  l e a s t  o n e  s o l u t i o n .  
N o w  l e t  x  a n d y  b e  s o l u t i o n s  o f  ( 2 . 1 ) .  T h e n  b y  s e t t i n g  v  =  x - y ,  
v  i~ a  s o l u t i o n  o f  t h e  p r o b l e m  
. ,  v i v  + a  v  + b i i  +  g ( t , v  +  i J - g ( t , y )  +  d v  =  0  ( 4 . 2 )  
I k f i n e  f  :  I  x  R  - t  R  b y  
n . : ; ,  f ( t )  =  
"  .  '  {  - u - t  [ g ( t ,  v  +  y )  - g ( t ,  i ; ) ] ,  i f  v i =  0  
L .  o : ( t ) ,  i f  v  =  0  
T h e n  ( 4 . 2 )  c a n  b e  w r i t t e n  i n  t h e  f o r m  
f  . .  
w i t l i  
•  j .  
v i v  + a  v  + b i i  +  f ( t ) v  +  d v  =  0  
a ( t )  <  f ( t J .  <  f 3 ( t )  
~DiE 1  I  
a  - a  - a  
f o r  a . e .  t  E  I  a n d  a l l  v  E  R .  
( 4 . 3 )  
'  
ff~ v  ·  =  0  o n  e v e r y  s u b s e t  o f  [ 0 ,  2 1r ]  o f  p o s i t i v e  m e a s u r e  t h e n  v  =  
c o n s t a n t  =  0 .  
pi~ce d  i =  0 .  H e n c e  x  =  y .  
S \ . I p p o s e  o n  t h e  o t h e r  h a n d  t h a t ,  v ( t )  i =  0  o n  a  c e r t a i n  s u b s e t  o f  
[ C ,  2 r r ]  o f  p o s i t i v e  m e a s u r e ,  t h e n  u s i n g  t h e  a r g u m e n t s  o f  t h e o r e m  
2 . 1  w e  a r r i v e  t h a t  v  =  0  a n d  h e n c e  x  =  y .  0  
g~!~ .  
.  
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